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a b s t r a c t
Let∆ ≥ 3. Denote by Tn,∆ the set of all treeswith n vertices andmaximumdegree∆ and by
T ∗n,∆ the set of all∆-trees with n vertices. In this work, we first show that all∆-trees come
before all trees in Tn,∆\T ∗n,∆ in an S-order and present a criterion for a∆-tree coming before
another ∆-tree in an S-order. Also, we give the first
∑⌊ n−13 ⌋
k=1
⌊ n−k−12 ⌋ − k+ 1 graphs
apart from a path, in an S-order, of all trees with n vertices.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
All graphs considered here are finite and simple. For undefined terminology and notation the reader may refer to [1]. Let
G = (V , E) be a simple undirected graph. For v ∈ V (G), we denote the neighborhood and the degree of v by NG(v) or N(v)
and dG(v) or d(v), respectively. For u, v ∈ v(G), a u–v walk in G is a sequence of vertices in G, beginning with u and ending
at v, such that consecutive vertices in the sequence are adjacent. The maximum degree of G is denoted by∆(G). We will use
G− uv to denote the graph that arises from G by deleting the edge uv ∈ E(G). Similarly, G+ uv is a graph that arises from
G by adding an edge uv, where u, v ∈ V (G) and uv ∉ E(G). If H is a subgraph of G, then we write H ⊆ G.
Let A(G) be the adjacency matrix of a graph G. The eigenvalues of G are the eigenvalues of A(G). Let λ1(G), . . . , λn(G) be
the eigenvalues in non-increasing order of a graph G. The number
∑n
i=1 λ
k
i (G) (k = 0, 1, . . . , n−1) is called the kth spectral
moment of G, denoted by Sk(G). Note that S0 = n, S1 = l, S2 = 2m, S3 = 6t , where n, l, m, t denote the number of vertices,
the number of loops, the number of edges and the number of triangles, respectively (see [2]). If T is a tree of order n, then
S0 = n, S1 = 0, S2 = 2(n− 1) and S3 = 0. Let S(G) = (S0(G), S1(G), . . . , Sn−1(G)) be the sequence of spectral moments of
G. For two graphs G1, G2, we write G1=S G2 if Si(G1) = Si(G2) for each i = 0, 1, . . . , n− 1. Similarly, we write G1≺S G2 (say,
G1 comes before G2 in an S-order) if for some k ∈ {1, 2, . . . , n− 1}we have Si(G1) = Si(G2) for each i = 0, 1, . . . , k− 1 and
Sk(G1) < Sk(G2). We also write G1≼S G2 if G1≺S G2 or G1=S G2. Let G1 and G2 be two sets of graphs. Wewrite G1≺S G2 (say,
G1 comes before G2 in an S-order) if G1≺S G2 for each G1 ∈ G1 and each G2 ∈ G2. The S-order had been used in producing
graph catalogues (see [3]), and for a more general setting of spectral moments (see [4]).
Up to now, few results on the S-order of graphs have been obtained. Cvetković and Rowlinson [5] studied the S-order of
trees and unicyclic graphs and characterized the first and the last graphs, in an S-order, of all trees and all unicyclic graphs
with given girth, respectively. Wu and Fan [6] determined the first and the last graphs, in an S-order, of all unicyclic graphs
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and bicyclic graphs, respectively. Pan et al. [7] determined the last and the second last quasi-trees in an S-order. In [8,9], Wu
and Liu determined the last ⌊ d2⌋ + 1 of all trees with given diameter, and the last ⌊ g2⌋ + 2 of all unicyclic graphs with given
girth, in an S-order, respectively.
We only consider trees here. Let T be a tree. A leaf of T is a vertex of degree 1. Let P = v0v1 . . . vs be a path of T with
d(v1) = · · · = d(vs−1) = 2 (unless s = 1). If d(v0) = 1 and d(vs) ≥ 3, then we call P a pendent path of T and we also call
s the length of the pendent path P , v0 the end-vertex of P , and vs the co-end-vertex of P . If there is a unique vertex u ∈ V (T )
such that d(u) = m ≥ 3 and d(v) ≤ 2 for each v ∈ V (G) \ {u}, then T is called anm-tree and u is called the center of T .
Let Tn be the set of all trees with n vertices, and let Tn,∆ be the set of all trees with n vertices and maximum degree ∆
and T ∗n,∆ the set of all∆-trees with n vertices, respectively. We will assume that 3 ≤ ∆ ≤ n− 2 (for∆ = 2 and∆ = n− 1,
there exists just one tree, namely a path Pn and a star K1,n−1 of order n, respectively, and then our problem becomes trivial).
In this work, we first show that all ∆-trees come before all trees in Tn,∆ \ T ∗n,∆ in an S-order and present a criterion for a
∆-tree coming before another ∆-tree in an S-order. Also, we give the first
∑⌊ n−13 ⌋
k=1 (⌊ n−k−12 ⌋ − k + 1) graphs apart from a
path, in an S-order, of all trees with n vertices.
Let F be a graph. An F-subgraph of G is a subgraph of G which is isomorphic to the graph F . Let φG(F) or φ(F) be the
number of all F-subgraphs of G. A connected subgraph H of G is called a tree-subgraph if H is acyclic.
Let a, b be two integers with a ≥ b, and let there exist two integers q, r (0 ≤ r ≤ b − 1) such that a = bq + r , then we
write r = { ab }. For x ∈ R, we will use ⌊x⌋ and ⌈x⌉ to denote the integers satisfying x − 1 < ⌊x⌋ ≤ x and x ≤ ⌈x⌉ < x + 1,
respectively.
2. Preliminaries
Lemma 2.1 (See [2]). The kth spectral moment of G is equal to the number of closed walks of length k.
Lemma 2.2 (See [3]). For every graph, S4 = 2φ(P2)+ 4φ(P3)+ 8φ(C4).
Lemma 2.3 (See [8]). Let G be a non-trivial connected graph with u ∈ V (G). Suppose that G∗a,b is obtained from G and two paths
of lengths a, b (a ≥ b ≥ 1) by identifying one leaf of each path with u. Then G∗a+1,b−1≺S G∗a,b.
Let Tn(p1, . . . , p∆), where 1 ≤ p1 ≤ · · · ≤ p∆, be a ∆-tree of order n with the lengths of the ∆ pendent paths being
p1, . . . , p∆, respectively. Then n = 1+∑∆i=1 pi and T ∗n,∆ = {Tn(p1, . . . , p∆)}.
Lemma 2.4. For any T ∈ T ∗n,∆, we have S4(T ) = 2∆2 − 6∆+ 6n− 6.
Proof. Let T ∈ T ∗n,∆. By Lemma 2.2, S4(T ) = 2φ(P2) + 4φ(P3) + 8φ(C4) = 2(n − 1) + 4(

∆
2
 + (n − ∆ − 1)) =
2∆2 − 6∆+ 6n− 6. 
3. The S-order of trees with a given maximum degree
In this section, we show that all ∆-trees come before all trees in Tn,∆ \ T ∗n,∆ in an S-order and present a criterion for a
∆-tree coming before another∆-tree in an S-order.
Theorem 3.1.
T ∗n,∆≺S(Tn,∆ \ T ∗n,∆). (1)
Proof. Let T ∈ Tn,∆ \ T ∗n,∆ with dT (v) = ∆ and T ∗ ∈ T ∗n,∆. Then there is a vertex x ∈ V (T ) (x ≠ v) such that
dT (x) ≥ 3. Define NT (x) = {x1, x2, . . . , xb}, where x1 is on the unique (v, x)-path in T (possibly v = x1). Define
V ∗(T ) = {u ∈ V (T ) \ {v} : dT (u) ≥ 3} and |V ∗(T )| = l ≥ 1. We consider two cases.
Case 1. l = 1.
In this case, we let P(i), i = 2, 3, . . . , b, be the pendent paths of length ti with the co-end-vertex x in T . Without loss of
generality, assume that t2 ≤ t3 ≤ · · · ≤ tb. Let T ′ = T − xx2 + yx2, where y is the end-vertex of P(b). Then
S4(T )− S4(T ′) = 4

dT (x)
2

−

dT (x)− 1
2

− 1

= 4(dT (x)− 2) > 0.
Thus S4(T ) > S4(T ′). Note that dT ′(x) = b − 1. If b ≥ 4, then repeating the above steps, we obtain a sequence of graphs
T (2), . . . , T (b−3), T (b−2) such that dT (j)(x) = b − j, 2 ≤ j ≤ b − 2 and S4(T (b−2)) < S4(T (b−3)) < · · · < S4(T (2)) < S4(T ′) <
S4(T ).
Note that T (b−2), T ∗ ∈ T ∗n,∆. Then, by Lemma 2.4, S4(T (b−2)) = S4(T ∗). Thus S4(T ∗) < S4(T ), and hence (1) holds.
Case 2. l ≥ 2.
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In this case, we choose x ∈ V ∗(T ) such that dT (v, x) is as large as possible. Let Tx(i) be the components of T − x which
contain xi, 1 ≤ i ≤ b. Then for 2 ≤ i ≤ b, Tx(i) is a path by the choice of x. Let Q (i), i = 2, 3, . . . , b, be the pendent paths
of length si with the co-end-vertex x in T . By an argument similar to the proof of Case 1, we can obtain a graph T ′ such that
dT ′(x) = 2 and S4(T ′) < S4(T ).
Note that |V ∗(T ′)| = l − 1, and hence repeating the above steps, we obtain a sequence of graphs T (2), . . . , T (l−1), T (l)
such that |V ∗(T (j))| = l− j, 2 ≤ j ≤ l, and S4(T (l)) < S4(T (l−1)) < · · · < S4(T (2)) < S4(T ′) < S4(T ). Note that T (l), T ∗ ∈ T ∗n,∆.
Then, by Lemma 2.4, S4(T (l)) = S4(T ∗) < S4(T ). Thus (1) holds. 
For convenience, we define Tn(p1, p2, . . . , p∆) := Tn(r (k1)1 , r (k2)2 , . . . , r (ka)a ), where each ri (i = 1, 2, . . . , a) equals pj for
some j ∈ {1, 2, . . . ,∆}while ki is the number of such pj and p1 = r1 < r2 < · · · < ra = p∆.
It is seen that for T = Tn(r (k1)1 , r (k2)2 , . . . , r (ka)a ), if 3 ≤ q ≤ r1 + 2, then
φT (Pq) =
a−
i=1
ki(ri − q+ 2)+ (q− 2)

∆
2

= n− 1+ (q− 2)(∆
2 − 3∆)
2
, (2)
and
φT (Pr1+3) =
a−
i=2
ki(ri − r1 − 1)+ (r1 + 1)

∆
2

− (∆− 1)k1
= n− 1+ (r1 + 1)(∆
2 − 3∆)
2
− (∆− 2)k1. (3)
For any tree T , let F2m(T ) = {F : F is a tree-subgraph of T with |E(F)| ≤ m} and F ∗2m(T ) = {F ∈ F2m(T ) : F
is not a path}. By Lemma 2.1, S2m(T ) is related to the numbers of tree-subgraphs in F2m(T ). Note that tree-subgraphs only
generate even closed walks.
Theorem 3.2. Let T1 := Tn(r (k1)1 , . . . , r (ka)a ) and T2 := Tn(s(l1)1 , . . . , s(lb)b ) be two graphs in T ∗n,∆.
(i) If r1 < s1, or r1 = s1, k1 > l1, then T1≺S T2.
(ii) If there exists some j (j ≥ 1) such that ri = si, ki = li for each i ∈ {1, 2, . . . , j} and rj+1 < sj+1, or rj+1 = sj+1, kj+1 > lj+1,
then T1≺S T2.
Proof. Here we only give the proof of (i) (the case for (ii) is similar). Note that Sj(T1) = Sj(T2) for j = 0, 2 or j is odd. Let
m ≤ r1 + 2. Then we claim:
There must exist a bijection θ between F ∗2m(T1) and F
∗
2m(T2) such that θ(F) ∼= F for each F ∈ F ∗2m(T1).
In fact, let F ∈ F ∗2m(T1). Then F must be a ∆′-tree for some ∆′ ∈ {3, 4, . . . ,∆}. Assume that F ∼= Tq(p1, p2, . . . , p∆′),
where q ≤ m + 1 ≤ r1 + 3 and∑∆′i=1 pi + 1 = q. Let G∗i = {F∗ ∈ F ∗2m(Ti) : F∗ ∼= F}, where i = 1, 2. It is easy to see that
|G∗1| = |G∗2| =

∆
∆′

(∆′!). Then we can give a bijection between G∗1 and G∗2 . By the arbitrariness of F , this bijection can be
extended to a bijection as required between F ∗2m(T1) and F
∗
2m(T2). So the claim is true.
Now we compare the number of path-subgraphs in T1 to that of path-subgraphs in T2.
If r1 = s1, k1 > l1, then, by (2) and (3), φT1(Pq) = φT2(Pq) for q ≤ r1 + 2 and φT1(Pr1+3) − φT2(Pr1+3) = −(∆ − 2)
(k1 − l1) < 0.
If r1 < s1, then for q ≤ m+ 1 ≤ r1 + 3 ≤ s1 + 2,
φT2(Pq) =
b−
i=1
li(si − q+ 2)+ (q− 2)

∆
2

= n− 1+ (q− 2)(∆
2 − 3∆)
2
. (4)
Hence, by (2)–(4), φT1(Pq) = φT2(Pq) for q ≤ r1 + 2 and φT1(Pr1+3) − φT2(Pr1+3) = −(∆ − 2)k1 < 0. So, in each case,
S2m(T1) = S2m(T2) form ≤ r1 + 1 and S2(r1+2)(T1) < S2(r1+2)(T2). Thus T1≺S T2. 
Let T∆n := Tn(
∆−1  
1, . . . , 1, n−∆) and L∆n := Tn(
∆−c  
a, . . . , a,
c  
b, . . . , b), where a = ⌊ n−1
∆
⌋, b = ⌈ n−1
∆
⌉ and c = { n−1
∆
}.
Remark 3.3. By Theorem3.1, T ∗n,∆ comes before Tn,∆\T ∗n,∆ in an S-order. So it is feasible to determine the first |T ∗n,∆| trees, in
an S-order, in Tn,∆ by Theorem 3.2. In particular, the first and |T ∗n,∆|th trees, in an S-order, in Tn,∆ are T∆n and L∆n , respectively.
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4. The first graphs in an S-order of trees
In [5], Cvetković and Rowlinson presented the first graph, in an S-order, of all trees in Tn is Pn. In this section, we will give
the first
∑⌊ n−13 ⌋
i=1 (⌊ n−i−12 ⌋ − i+ 1) graphs, in an S-order, among all trees in Tn \ {Pn}.
Lemma 4.1. T ∗n,3≺S Tn \ (T ∗n,3 ∪ {Pn}).
Proof. By Lemma 2.3 (or Theorem 3.2), L3n is the last tree, in an S-order, of all trees in T
∗
n,3. So it suffices to show that L
3
n≺S T
for each T ∈ Tn \ (T ∗n,3 ∪ {Pn}). Let∆ = ∆(T ). Then T ∈ Tn,∆. If∆ = 3, then, by Theorem 3.1, L3n≺S T . Otherwise, if∆ ≥ 4,
by Theorem 3.1, we can assume that T ∈ T ∗n,∆. By Theorem 3.2, T∆n ≼S T . By Lemma 2.4, we have S4(L3n) < S4(T 4n ) and hence
L3n≺S T 4n . And by using Lemma 2.3 repeatedly, we have T 4n ≺S T 5n ≺S . . .≺S T∆−1n ≺S T∆n . Thus L3n≺S T∆n ≼S T , i.e., L3n≺S T . 
In order to find the first |T ∗n,3| graphs, in an S-order, of all trees in Tn \ {Pn}, we only need to give the S-order of all trees
in T ∗n,3 by Lemma 4.1.
Let F k0 := Tn(k(2), (n−2k−1)(1)), F k1 := Tn(k(1), (k+1)(1), (n−2k−2)(1)), . . . , F ka(k) := Tn

k(1),
 n−k−1
2
(1)
,
 n−k−1
2
(1)
,
where a(k) = ⌊ n−k−12 ⌋ − k.
Then we have the following result.
Theorem 4.2. The first
∑⌊ n−13 ⌋
k=1 (⌊ n−k−12 ⌋ − k+ 1) graphs, in an S-order, of all trees in Tn \ {Pn} are as follows:
T 3n = F 10 , F 11 , . . . , F 1a(1), F 20 , F 21 , . . . , F 2a(2), . . . , F ⌊
n−4
3 ⌋
0 , F
⌊ n−43 ⌋
1 , . . . , F
⌊ n−43 ⌋
a(⌊ n−43 ⌋)
, F
⌊ n−13 ⌋
0 , . . . , F
⌊ n−13 ⌋
a(⌊ n−13 ⌋)
= L3n.
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